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Abstract—Solving linear regression problems on interval-
valued data is a challenging task that may arise in many
applications. Because of that, many researchers have designed
methods for such task in recent years. Although much effort
has been devoted to this problem, all available methods rely
on modeling the problem as a constrained optimization task,
which may lead to sub-optimal results. Moreover, no previous
work provide a way to train a model in a incremental way,
which is fundamental for big data problems. In this paper,
we address both problems by proposing two different linear
regression methods based on log-transformations. The proposed
methods, referred as Log-transformed OLS for interval data
(LOID) and Log-transformed LMS for interval data (LLID), are
compared to state-of-the-art methods on both synthetic and real-
world datasets. The obtained results indicate the feasibility of our
approaches. Furthermore, to the best of our knowledge, LLID is
the first sequential linear regression method for interval valued.
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I. INTRODUCTION

Linear regression models are widely used to predict numer-
ical values that are related to a set of independent measures
[1]. To fit the model to the data, it is necessary to estimate
a weight vector that defines the linear relationship between
the independent variables and the outputs. Such weight vector
is usually obtained by minimizing a predefined loss function.
Among all possible loss function, the sum of squared errors
is the most popular and it defines the so-called least squares
regression approach.

Although least squares methods have been successfully used
in various applications, all basic formulations are designed to
work with datasets where each column represents a variable. In
that sense, such models are not suitable to work with interval
data. Interval data consists on a representation where each
component of a given sample is modeled as an interval, as
opposed to a single value. Such data may arise, for instance,
due to imprecisions of the measurement devices or data
fluctuations in the case of recorded measures during a specific
interval of time [2].

Throughout the years many authors have proposed linear
regression model for interval valued data. One of the first
works is the one by Billard and Diday [3], where they propose
a model that considers only the midpoints of the intervals to es-
timate the regression coefficients. Lima Neto and De Carvalho
[4] proposed a method, named Centre and Range Method

(CRM), that improves the previous work by considering two
independent linear regression problems, where the first models
the midpoint and the second models the ranges. In [5], the
same authors presented a new version of their method, named
Constrained CRM (CCRM), where they use a constrained
linear regression to ensure the coherence of the results, i.e.,
predicted upper bound values shall be higher than predicted
lower bounds. The design of sparse Linear models was the
object of the work by Giordani [2]. The author proposed a
variant of the LASSO algorithm for interval valued data.

By analyzing the aforementioned works, one could notice
that the coherence constraint used in both [5] and [2] may
impose unnecessary constraints to the final linear models.
In [5], the authors assure that the predicted range is always
positive by constraining the regression weights to be positive.
This rule may lead to sub-optimal results since it does not
allow the optimization procedure to find a relation between
inputs and outputs given by a negative coefficient, even if it
occurs in the data generator. In a different setting, the authors
in [2] impose a constraint that makes the range predictions
to be positive on the training set, thus not assuring that the
predictions on the test set will always be positive. Another
drawback of those previous works is that none of the adapted
linear regression models provide a way to find the regression
coefficients iteratively.

In this work, we aim to tackle both mentioned problems by
proposing two linear regression approaches for interval data
based on log-transformations of the available data. Roughly
speaking, we use the center and range setting and transform the
range data using a logarithm function. After that, we compute
the coefficients using the OLS (Ordinary Least Squares) or
LMS (Least Mean Squares) algorithms. Our method also
includes a pre-processing step of standardizing the range data.
By standardizing the data before the log-transformation, we
may assure that the transformed data is in a quasi-linear
region of the logarithm function. This procedure is used
to minimize the effect of the nonlinear transformation on
the weight estimation procedure. The effectiveness of both
proposed methods is verified by comparison to CCRM in
several real and synthetic datasets.

The remainder of the paper is organized as follows. Section
2 presents some basic concepts on linear regression models for
interval data. In Section 3, we present the proposed algorithms



and its performance is analyzed in Section 4. Final conclusions
and future works are discussed in Section 5.

II. BACKGROUND

A. Basic Concepts of Interval Data

As described in [6], interval data is a class of symbolic
data that can be used in order to summarize large datasets.
Furthermore, there are many situations in the modern world
where the value of a specific variable can be only represented
as an interval, such as blood pressure measurement or income
information, which is often considered in terms of intervals
of the minimum wage. Thus, as emphasized by [7], the avail-
ability of this kind of data and the recent growth of machine
learning as an important form of data analysis have brought the
necessity to extend standard modeling techniques for interval-
valued data, an approach sometimes called Symbolic Data
Analysis. The importance of this type of data has created
another research field that studies and formulates all arithmetic
operations on interval variables, as can be seen in [8].

It is relevant to highlight that, following [9], all interval
variables used in this work are comprised of closed intervals.
We denote an interval variable X = [z, zy] as a set of real
numbers given by:

X=lxp, av]={zeR:ar <z <uzy}.

We adopt capital letters to represent an interval variable. Its
endpoints or bounds xj, and xy are represented by lower case
letters, since they are scalar numbers.

We can also define the range and center of an interval:

e The range or width of an interval X is given by:

1

TR — 5(.%‘(] —Q’JL).

o The center or midpoint of X is given by:

1
To = 5 (.CEL + :Z?U).

Given the above definitions, we can also represent an interval
by using its center and range values:

X =[z¢ — xR, ¢ + xR

B. Linear Regression for Interval Data

Regression analysis is a technique that can be used to predict
the values of a dependent or output quantitative variable as
a function of the values of independent or input quantitative
variables [10]. The goal of a linear regression task is to figure
out a model that fits the data. Thus, it is necessary to estimate
a vector of parameters W using the output data vector y and
the input matrix X. The parameter estimation step can be
seen as an optimization problem. In our case, we consider
standard least squares and gradient descent methods to solve
such optimization.We refer the reader to the work in [11], one
of the first linear regression methods presented for interval
valued-data.

1) The center method: One first approach to estimate W
consists in considering only the center of the intervals. We
name this method CM (Center Method). Given an input matrix
X™" containing m samples with n features each one, and
an output vector y™, the CM estimates the parameters as
described below according was written in [5]:

W = (X¢ Xo) Tt X ye

So, given a new vector example X!”, where X1 = [z, z7],
j€(L,---,n), the value Y = [y, yu] will be predicted by
Y = [¢r, gu] as follows:

Y, = X" W and Yy = X' W

As we can see, this method does not ensure that Y; < Yy .
If that is not guaranteed, an important rule of interval data will
be broken and the result can not be considered a valid interval
anymore.

2) The constrained center and range method (CCRM): The
method called CCRM, proposed in [5], considers inequality
constraints in the vector of parameters in order to mathemat-
ically ensure that the values of Y7, where i € (1,2,...,m),
will be always less than or equal to the values of )A/[}

The core idea consists in applying constraints only over
the parameters Wg, which ensures that the estimated values
% will always be greater than or equal to zero, which also
implies that g% will always be less than or equal to §j;.

Let us consider yc and yg as output variables and xjc and
Xp, (j = 1,2,...,n), as input variables related according to
the relationship below:

Yo = wl+wizTh + -+ whadt + e,
Yp = Wkt WRTR + o+ WRTE + €p,

with constraints w}, > 0,5 = 0,...,n.

Thus, the CCRM uses the Least Squares algorithm to
predict the W and the Lawson and Hanson algorithm [12]
adapted to predict the parameters Wg.

Following the main idea of CCRM, we have developed two
new approaches to handle interval-valued data. The first one
is named the Log-transformed OLS for Interval Data (LOID).
The second one is the Log-transformed LMS for Interval Data
(LLID). Both adapt the data to ensure that yg > 0 and y; <
Yu, using, respectively, Least Squares and Gradient Descent
as optimization methods. In the next section both algorithms
will be detailed.

III. PROPOSED METHODS
A. Log-transformed OLS for interval data (LOID)

Given X™" and y™ as input matrix and output vector,
respectively, where X% = [z, 2], Y, [yi,yil), i =
(1,2,---,m), and j = (1,2,...,n). Let us consider X7"
and X" as the centers and ranges of X, respectively. Let
also y@ be the centers of y" and y% its ranges. In matrix
notation, the proposed LOID method can be written as



Yo = X¢ We +€c,

. . ()
Yr=XR WR + €R,
~ A ~1 ~n - A ~1 ~
where, Wo = (0,05, ..., 0R), Wg = (0%, 0k,..., 0}),
1 i
ec = (€4, ..,€%), and eg = (ep, ..., €R).
Thus, the sum of squares of errors is given by
m m
_ i \2 i\2
€LOID —Z(Gc) + Z(ER)
i=1 i=1
m
=D o — g — bt — - —dgad) Q)
i=1
m
+ ) (Yp — % — Wy — - — DR
i=1

The parameters W in the first expression of Eq. (1) are
given found via standard least squares:

Weo = (XE Xe) XE ye, 3)

where we emphasize that the parameters W are not con-
strained.

The second expression in Eq. (1) must be fitted following
the constraint yr > 0. Thus, we ensure the predicted values
for yr is greater than or equal to zero, using a logarithmic
transformation in the training targets y z, which are used to fit
the parameters Wg. The logarithmic transformation gives us
the possibility to get values from any component of Wr < 0,
an useful feature if we have a dataset that was generated
by a function with such behavior, however, applying this
tranformantion, we are adding a non-linearity over the data,
although there is a way to minimize it, just using a simple
standardization in both X and y, we divided all elements by
its maximum value, respectively. Algorithm 1 summarizes the
training step of the proposed LOID approach.

Algorithm 1 Training step of LOID
Require: X, y {training data set}

I X« e (X) {apply the standardization in X}
2y Y {apply the standardization in y}
maz(y

3: m,n + dim(X) {get the dimension of input matrix}

4 Yirain < logy {apply the log-transformation in outputs
samples }

5: Xirain « [1™ X]m(n+1) {add the bias}

6: W < (Xg;ainxtrain)71X£ainytrain

Given a new example z;,, where Z7 = [z} 2]], j =
(1,--- ,n) we can predict § according the steps summarized
in Algorithm 2. It is import to highlight that, as can be seen
in lines 3 and 4, first, we predict an output transformed by
the logarithm function applied in Alg. 1, but, since our goal
is to estimate the outcome from an input without the such
transformation, we must apply the inverse function of the
logarithm, that is, the exponential function.

Algorithm 2 Testing step of LOID

Require: X {test data set}
1: m,n < dim(X) {get the dimension of input matrix}
2 Xirain < [1™! X](nt1) {add the bias}
3: Vaur & Xiest WL {predict the output transformed}
4. § + exp (Jauz) {predict the output}

B. Log-transformed LMS for interval data (LLID)

In this section we present an extension to interval-valued
data for the highly popular least-mean-squares (LMS) algo-
rithm, which was developed by [13] to enable iterative learning
with linear models.

Let X" and y™ be an input matrix and an output vector,
respectively, where each X iJ is represented by an interval
feature X;; = [z}, 2], i=(1,---,m), and j = (1,--- ,n).
Let also Y; be an interval representing each correspondent
output Y; = [y, yi;]. Let us consider X7" and X" the
centers and ranges from X, respectively. We also have yi* as
the centers of y” and y’; as its ranges.

Assuming the existence of a continuous mapping f : X —
Y between the input and the output space, our goal is to
estimate f from the available data. We consider the function
f to be linear, i.e:

Ui = f(xi) =x'w. )

Thus, following to the presentation of the LOID method in
the latter section, our proposed extension for the LMS, named
LLID, aims to fit two different functions, one based on w¢
and other based on w . The latter must consider the constraint
¥r > 0. Thus, we can rewrite the Eq. (4) twice as follows:

~1 % iR (5)
Jr = [(xRg) =Xk Wr.
We can compute the output error in the i-th sample:
e =Yo — o,
(6)

€r = log(yr) — Jg-
Substituting Eq. (5) into these expressions yields
€0 = Yo —XcWe,
€ = yh — XpWp.
. . - 1 m i
Consider 1COS7tn funct10n§ J(Wwe) = 3 Yol € . and
J(WR) = 5> i1 €, Which are both continuously differ-
entiable functions of some unknown weights (parameters)
vectors W and W . The function J(W) maps the elements of
W into real numbers. We want to find an optimal solution w*,
ie., W}, and W}, that satisfies the condition J(W*) < J(W).
The solution can be obtained by solving the optimization
problem below:
minimize J(W¢),

wc

7
minimize J(Wg). @
WR



Algorithm 3 Training step of LLID

Require: X, y, epochs, o {training dataset, number of epochs
and learning rate}

X
1: X + ——— {apply the standardization in X}
maz(X)
2y _Y {apply the standardization in y}
maa(y)

3: m,n + dim(X) {get the dimension of input matrix}
4: Xtrain — [1m1 X]m x (n+1)
Yirain < logy {apply the log-transformation in outputs

samples }
Wl(n+1)

W

6: — [ytrain Ol * n]

7. for e € range(epochs) do

8 indices < permutation(m)
9:  for i € indices do

10: ¥~ Xiram wT

11 € < y?train - 5’ )

12: W~ W+ a€xXi g
13:  end for

14: end for

Following a stochastic gradient optimization approach, it is
easy to show that in general the weights can be updated as
follows [14], [15]:

where € is computed using the expressions in Eq. (6) and «
is the learning rate.

Algorithm 3 summarizes the above operations. Note that the
sixth line explains how we initialize the first component of W,
the bias, with the mean value of yipqin = log(y).

Similar to the LOID algorithm detailed in the latter section,
after the training step we may proceed to the test step
following Alg. 4, which must consider the application of the
exponential function in the model predictions.

Algorithm 4 Testing step of LLID

Require: X, y {test data set}
1: m,n < dim(X) {get the dimension of input matrix }
2: Xirain & [lml X]mx (n+1) {add the bias}
3: Vaur ¢ Xiest W {predict the output transformed }
4: § < exp (Jauz) {predict the output}

Having described our two approaches, in the next section we
will explain and discuss the experimental results performed in
several tests scenarios using both real and synthetic datasets.

IV. EXPERIMENTAL RESULTS

First, the usefulness of the linear methods proposed in this
paper will be evaluated via experiments with synthetic interval-
valued datasets with different linear configurations. Initially,
we evaluate the performance of the optimization algorithms

(CCRM, LLID, LLOID) to identify which algorithm presents
the best accuracy for the parameter estimation.

After that, the prediction performance of these methods
will be compared in terms of the root-mean-square error of
the center (RM SE(¢), range (RM SFER), and summed lower
and upper (RMSELy) values for each interval. We follow
an experimental Monte Carlo scheme with 50 repetitions. The
RMSE functions are computed as:

RMSEg = || ==520—2C2,

RMSEg = Zi:z(y% 1732) (8)

RMSELU \/Z’L [ yL yL \/Ez ) yU )

where m is the number of observations on the test step.

We have chosen to use the above metrics to quantify the
errors in each separated model, one to predict the yr and
another to predict yc. Thus, by analyzing the RM SER and
RM S E¢ values we can compute the accuracy of the evaluated
methods in each test scenario. On the other hand, we are
also interested in the overall interval error achieved by each
technique. So, we also compute the RM SEy; that quantifies
the error by computing the sum of the lower and upper bounds’
errors.

Finally, all the models will also be evaluated using real
interval-valued datasets. Their performances will be compared
considering a Leave One-Out (LOO) validation scheme. LOO
was used because the chosen real datasets are smaller than the
synthetic ones. In average, we have around 30 observations in
each set.

A. Synthetic Datasets

The synthetic datasets were generated using 2 strategies.
The first one considers the configuration presented in [5],
as will be soon described. Furthermore, we have created 2
addtional synthetic datasets. In all cases, we separated 67% of
the generated data for the training step and 33% for the test
step.

1) Synthetic Datasets used in [5]: As presented in Tab.
I, we chose two distinct configurations proposed in [5]. The
configuration called C' has the center and range independents,
while the D datasets consider a dependence between midpoint
and range. Both configurations, denoted by C}, and D,,, were
generated with dimension p equal to 1 and 3, respectively.

The construction of the C' standard datasets and the cor-
responding interval data sets is carried out in the following
steps:

1) Generate X, Xpg , and y¢ according to the Tab. I;

2) Compute the random variable y¢:

yo = (Xe)"

where (Xc)T = (1, X}) and w ~ Ule, d] in R?, or
(X)) = (1, XL, X2,X2) and w ~ Ule, d] in R*
and € ~ Ule, f].

w + €,



TABLE I
CONFIGURATIONS OF SYNTHETIC DATASETS PROPOSED BY [5].

C1  xl,~U[20, 40] 2%, ~ U[20, 40] yJ, ~ U[20, 40] e~ U[-20, 20]
Cs ), ~U[20, 40]  a% ~ UL, 5] yh, ~U[L, 5] e~ U[-20, 20]
Dy al,~U[20, 40] e~ U[-20, 20] € ~UJL, 5]
D3 xl, ~U[20, 40] e~ U[-5, 5] e ~ UL, 5]

TABLE II B. Real-world Datasets

DESCRIPTION OF REAL DATASETS

Number of Observations ~ Number of Features

Cardiologic 59 2
Car 33 2
Mushroom 23 2
Soccer 20 2
Nasa 13 2

where U is a uniform distribution.
The generation of the D standard datasets is described
below:

1) Generate X according to the Tab. I;

2) Compute the random variable y¢: yo = (XC)T w + €,
where (X¢)T = (1, X)) and w ~ Ule, d]) in R?, or
(X))t = (1, X4, X2%,X2) and w ~ Ule, d] in R*
and € ~ Ule, f];

Compute the random variable yr: yr = yc w* + €,
where the variables X7, (j = 1,---,n) are related to
variables X/, according to X7, = X/, w* + €*, where
w* ~ Ulg, h| and €* ~ U[i, j].

2) Proposed Synthetic Datasets: The CCRM method con-
trains the predicted parameters Wr to be greater than or
equal to zero. In this paper, we have generated 2 datasets,
I-dimensional (A7) and 3-dimensional (As3), where the true
parameters wpr are less than zero. Below, we detail the
functions that generated these datasets.

The dataset A; was generated following those steps:

1) Compute X¢ = (1, U[20, 40]), Xr = (1, UJ[0, 1]);
2) Compute yc = X¢ * (2, 5)7 and yr = Xg(5, —3)T;
3) Compute the variance of S = yc and 5[t = yr;

3)

4) Recompute yo = y¢ + 1/0.015¢ € and yr = yr +
\/0.01SE €, where € ~ N(0,1);
5) For values y%, < 0, replace them with y%, = 0.

The dataset A3 was generated as follows:

1) Compute X = (1, U[20, 40]), Xr = (1, U[1, 10]);
2) Compute yo = Xc(2, 2, 5, 6)7 and yp =
XR(62) _25 _31 _1)T’

3)
4)

Compute the variance of S = yc and S = yr;
Recompute yo = yo + 1/0.01S$ € and yr = yr +
,/0.0155 €, where € ~ N (0,1);

5) For values y% < 0, replace them with y%, = 0.

We conducted experiments with five real-world datasets that
can be found in [16]. A brief description of each dataset is
presented in Tab. II.

C. Discussion

The results of the synthetic datasets are presented in Tab.
III. As can be noticed, the proposed variants of LMS and OLS
achieved the good results in the synthetic datasets proposed in
CCRM’s paper even the CCRM have gotten best result, our
proposed method is really close, on the other hand, in the
datasets proposed by this paper, A; and Az, which have the
weights of the generation function less than zero, LLID and
LOID achived the best results, while CCRM did not get good
results, because its model is constrains the weights doing the
W =2 0, which increases the error substantially.

The results obtained with real-world datasets are summa-
rized in Tab. IV. In general, except for the Nasa dataset,
where the LOID result was worse in comparison with the other
methods, for all the datasets, the proposed methods were closer
or better than CCRM. Overall, the best results were achieved
by LLID.

V. CONCLUSION

In this paper, we proposed two linear regression models
for interval-valued data. The methods, named Log-transformed
OLS for interval data (LOID) and Log-transformed LMS for
interval data (LLID), comprise a standardization step of the
input and output data followed by a log-tansformation of the
output data. After that, OLS or LMS methods can be used to
estimate the model coefficients.

Our proposals have two advantages over its most popular
counterparts: i) both LOID and LLID do not require any con-
straint on the optimization and ii) LLID is the first sequential
linear regression method for interval valued. That fact makes
LLID suitable for big data applications.

Based on an extensive the set of experiments, we could
verify that LOID and LLID outperformed CCRM is various
situations. Hence, we believe that both proposals can be
viewed as valid alternative to tackle the linear regression of
interval data problem.
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TABLE III
COMPARISON BETWEEN LOID, LLID AND CCRM IN SYNTHETICS DATASETS USING RMSE AS THE METRIC OF ERROR COMPUTATION.

Ay C1 D, As Cs3 D3
RMSEc 3.12 £+ 1.87e—1 1.19el + 3.77e—1 2.80 £ 9.80e—2 5.02 £ 3.62e—1  1.19el +4.05e—1 2.90 & 9.80e—2
LOID RMSEr  1.23e—1 4 9.00e—3 1.23 4 4.20e—2 1.24el + 7.76e—1 2.52 4+ 5.8le—1  1.18el +4.20e—2  1.48el £ 7.33e—1
RMSELy 6.24 4 3.75e—1 2.40el £ 7.50e—1 2.50el £ 1.15 1.12el 4 8.46e—1  2.39¢l + 8.05e—1 2.98¢l + 1.45
RMSEc 3.12 £+ 1.87e—1 1.19el + 3.77e—1 2.80 £ 9.80e—2 5.02 £ 3.62e—1  1.19el +4.05e—1 2.90 & 9.80e—2
LLID  RMSEr 1.23e—1 =+ 9.00e—3 1.23 4 4.20e—2 1.24el £ 7.76e—1 2.52+ 5.8le—1  1.18el £4.20e—2  1.48el £ 7.34e—1
RMSELy 6.24 £ 3.75e—1 2.40el + 7.50e—1 2.50el £ 1.15 1.12el 4 8.46e—1  2.39¢l + 8.05e—1 2.98el + 1.45
RMSE¢c 3.12+ 1.87e—1 1.19el 4 3.77e—1  2.80 & 9.80e—2 5.02 + 3.62e—1 1.19el1 £ 4.05e—1  2.90 & 9.80e—2
CCRM  RMSEpR 8.57e—1 =+ 4.00e—2 1.20 + 3.9e—2 1.17el & 4.68e—1 9.21 £ 5.91e—1 1.15e1 £3.70e—2  1.32el + 6.40e—1
RMSEpy 6.46 + 3.63e—1 2.40el 4 7.50e—1  2.34el & 9.37e—1 2.09el + 1.03 2.39¢1 + 8.05¢—1 2.66el + 1.26
TABLE IV
COMPARISON BETWEEN LOID, LLID AND CCRM IN REALS DATASETS USING RMSE AS THE METRIC OF ERROR COMPUTATION.
Cardiologic Car Mushroom Soccer Nasa
RMSE¢ 8.96 £ 6.92 2.32e4 £ 1.60e4 1.62 +£1.27 1.84 +1.49 4.92e2 £ 4.52¢e2
LOID RMSEgr 5.68 + 4.90 1.51e4 4 2.38e4 1.05 £ 7.68e—1 1.10 £ 7.74e—1 5.44e2 + 7.43e2
RMSEpy 2.12el £+ 1.31el 5.89e4 + 4.45¢e4 3.83£2.30 3.95+2.86 1.26e3 + 1.40e3
RMSEc 8.86 1 6.80 2.20e4 + 1.80e4 1.65 +1.07 1.89 +1.59 3.79e2 + 3.58e2
LLID RMSEgr 5.70 4= 4.90 1.48e4 1 2.34e4 1.06 £ 8.3%9e—1 1.22 £9.43e—1 3.56e2 £ 4.79e2
RMSErLy 2.10el +1.3el 5.69e4 + 4.68e4 3.78 + 2.06 4.29 4+ 3.01 9.14e2 + 8.73e2
RMSE¢ 8.96 £ 6.92 2.32e4 £ 1.60e4 1.62 +1.27 1.84 4+ 1.49 4.92e2 £ 4.53e2
CCRM  RMSER 5.69 + 4.68 1.98e4 4 2.17¢e4 9.27e—1 + 6.79e—1 1.07 £ 8.19e—1 3.97e2 + 3.64e2
RMSELy 2.12el £ 1.29¢l 6.14e4 £ 4.21e4 3.52 + 2.40 3.93 4 2.87 9.84e2 £ 9.06e2
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